PACS numbers:
I review first historical aspects in the development of the understanding of capillary phenomena, beginning with Newton and continuing with Young and Laplace. This will open the way to the derivation of the exact formulae for surface tension by Kirkwood and by Yvon. I'll switch then to contemporary reasearch and consider three (non trivial) questions: 1) dynamical effects in capillary phenomena through the moving contact line problem, 2) the way capillary forces constrain the dynamics of Leidenfrost droplets (drops of liquid levitating by evaporation on very hot surfaces) and lastly 3) the relevance of capillary forces in the determination of the shape of soft solids. All three questions will be illustrated by recent experimental work.
I. HISTORICAL
The following historical summary is taken from James Clerk Maxwell's article in the ninth edition of the Encyclopaedia Britannica, as modified by the 3rd Lord Rayleigh in the tenth edition. I added comments of my own in italic on some points. References are in the body of the text as in the original.
According to J. C. Poggendorff (Pogg. Ann. ci. p. 551), Leonardo da Vinci must be considered as the discoverer of capillary phenomena, but the first accurate observations of the capillary action of tubes and glass plates were made by Francis Hawksbee (Physico-Mechanical Experiments, London, 1709, pp. 139 169 ; and Phil. Trans. 1712), who ascribed the action to an attraction between the glass and the liquid. He observed that the effect was the same in thick tubes as in thin, and concluded that only those particles of the glass which are very near the surface have any influence on the phenomenon. Dr. James Jurin (Phil. Trans., 1718, p. 739, and 1719, p. 1083) showed that the height at which the liquid is suspended depends on the section of the tube at the position of the meniscus, and is independent of the form of the lower part. Sir Isaac Newton devoted the 31st query in the last edition of his Opticks to molecular forces, and instanced several examples of the cohesion of liquids, such as the suspension of mercury in a barometer tube at more than double the height at which it usually stands. This arises from its adhesion to the tube, and the upper part of the mercury sustains a considerable tension, or negative pressure, without the separation of its parts. He considered the capillary phenomena to be of the same kind, but his explanation is not sufficiently explicit with respect to the nature and the limits of the action of the attractive force.
In Query 31 at the end of Opticks, Newton states in one sentence that a wetting fluid between two plates rises like the inverse of the gap between the plates. Even though Newton is not known for detailed explanations, this makes an extreme case of a result (correct of course) given without apparent proof. Actually things are not that simple (in that respect I differ from Maxwell): a few sentences later Newton shows that in a vertical tube filled with powder the vertical elevation due to the (capillary) attraction between the powder and the fluid is independent of the radius of the tube, something he explains by saying that the attractive force has a vertical component only near the surface of the fluid inside the porous material, because otherwise the attraction by the wall is averaged over all orientations on the side of the wall and therefore has only a horizontal component-for a vertical wall-and no vertical component. Later on Newton writes that this vertical force is proportional to the length of the triple line between air, porous material and fluid. For this tube filled with porous material the force is obviously insensitive to the diameter of the tube, because it is dominated by the length of this corrugated line, much bigger than the diameter of the tube. This crucial remark allows to recover the Jurin elevation proportional to the length of the contact line between the wall the air and the liquid, this vertical force being equal to the weight of the rised column of fluid. This Jurin law ran against the principles of Aristotelian physics according to which heavy bodies (liquids in the present case) tend to their equilibrium position, that is to the position the closest to the center of the Earth, something in obvious contradiction with the observation of capillary rise. This implies also that the range of capillary forces is far less than the radius of any real tube. The elegant explanation of the Jurin ascent by Newton is rarely if never reproduced in textbooks, always relying on a more or less subtle use of Laplace's pressure jump across a curved vapor/liquid interface. It is a pity because Newton's explanation introduces also the relationship between short range molecular forces and capillary phenomena.
It is to be observed that, while these early speculators ascribe the phenomena to attraction, they do not distinctly assert that this attraction is sensible only at insensible distances, and that for all distances which we can directly measure the force is altogether insensible. The idea of such forces, however, had been distinctly formed by Newton, who gave the first example of the calculation of their effect in his theorem on the alteration of the path of a light-corpuscle when it enters or leaves a dense body.
Alexis Claude Clairault (Théorie de la figure de la terre, Paris, 1808, pp. 105, 128) appears to have been the first to show the necessity of taking account of the attraction between the parts of the fluid itself in order to explain the phenomena. He did not, however, recognize the fact that the distance at which the attraction is sensible is not only small but altogether insensible. It is difficult to understand here what Maxwell had in mind when making this distinction between "small" and "insensible"!. J. A. von Segner (Comment. Soc. Reg. Gotting. i. [175i] p. 301) introduced the very important idea of the surface-tension of liquids, which he ascribed to attractive forces, the sphere of whose action is so small "ut nullo adhuc sensu percipi potuerit." In 1756 J. G. Leidenfrost (De aquae communis nonnullis qualitatibus tractatus, Duisburg) showed that a soap-bubble tends to contract, so that if the tube with which it was blown is left open the bubble will diminish in size and will expel through the tube the air which it contains.
Segner is responsible for the concept and the word surface tension, "tenacitas" in latin. He had the great distinction of becoming the first professor of mathematics at Goettingen (then in the state of Hanover, a state joined in a "personal union" with the United Kingdom from 1714 to 1837, and now in Germany. This "personal union" could explain why Thomas Young had a PhD from Goettingen University), taking up the chair in 1735. Segner (Hungarian by birth) was the first to fill what was to become one of the foremost chairs of mathematics in the world, the chair held later by Gauss, another contributor to capillarity theory. In 1751 Segner introduced the concept of surface tension of liquids and made an attempt to give a mathematical description of capillary action. He saw the capillary forces as caused by the tension of ropes disposed on the surface of a liquid. Likewise a string under tension this generates perpendicular forces when bent, proportional to the tension and to the curvature. The same mechanical idea of surface tension was used by Young.
In 1787 Gaspard Monge (Mémoires de l'Acad. des Sciences, 1787, p. 506) asserted that "by supposing the adherence of the particles of a fluid to have a sensible effect only at the surface itself and in the direction of the surface it would be easy to determine the curvature of the surfaces of fluids in the neighbourhood of the solid boundaries which contain them; that these surfaces would be linteariae of which the tension, constant in all directions, would be everywhere equal to the adherence of two particles, and the phenomena of capillary tubes would then present nothing which could not be determined by analysis." He applied this principle of surface-tension to the explanation of the apparent attractions and repulsions between bodies floating on a liquid.
In 1802 John Leslie (Phil. Mag., 1802, vol. xiv. p. 193) gave the first correct explanation of the rise of a liquid in a tube by considering the effect of the attraction of the solid on the very thin stratum of the liquid in contact with it. He did not, like the earlier speculators, suppose this attraction to act in an upward direction so as to support the fluid directly. He showed that the attraction is everywhere normal to the surface of the solid. The direct effect of the attraction is to increase the pressure of the stratum of the fluid in contact with the solid, so as to make it greater than the pressure within the fluid.
In 1804 Thomas Young (Essay on the "Cohesion of Fluids," Phil. Trans., 1805, p. 65) founded the theory of capillary phenomena on the principle of surface tension. He also observed the constancy of the angle of contact of a liquid surface with a solid, and showed how from these two principles to deduce the phenomena of capillary action. His essay contains the solution of a great number of cases, including most of those afterwards solved by Laplace, but his methods of demonstration, though always correct, and often extremely elegant, are sometimes rendered obscure by his scrupulous avoidance of mathematical symbols. Having applied the secondary principle of surface tension to the various particular cases of capillary action, Young proceeded to deduce this surface tension from ulterior principles. He supposed the particles to act on one another with two different kinds of forces, one of which, the attractive forces of cohesion, extends to particles at a greater distance than those to which the repulsive force is confined. He further supposed that the attractive force is constant throughout the minute distance to which it extends, but that the repulsive force increases rapidly as the distance diminishes. He thus showed that at a curved part of the surface, a superficial particle would be urged towards the centre of curvature of the surface, and he gave reasons for concluding that this force is proportional to the sum of the curvatures, of the surface in two normal planes at right angles to each other.
The year 1805 (there has been some discussion concerning the exact time of submission by Laplace and by Youngnote that Laplace did not write an article in a scientific journal, contrary to Young) saw a major progress in the long history of physical sciences, the elucidation of the laws of capillarity by Thomas Young and by Pierre-Simon, marquis de Laplace. This was also the year of one of the biggest battle in history of warfare, Austerliz, where Napoleon defeated a Russo-Austrian army, commanded by Tsar Alexander I and Holy Roman Emperor Francis II. This happened in nowadays Slovakia, not very far from Southern Poland. The contributions to capillarity theory were written by Young and by Laplace in totally different styles. The article by Young is noticeable for its lack of equations and of drawings, which makes it hard to follow. On the contrary Laplace wrote in our modern style and can still be read without any special preparation. One of its strength-compared to Young-is that it introduces explicitely pressure, fully absent of Young's text. Laplace's argument is reproduced in section II below. In the specific case of Laplace'law, Young refers to a undefined "ordinate" proportional to the mean vurvature of the surface, which can be interpreted as the elevation of the surface of the liquid drawn by surface tension, but this is only one possible interpretation.
The subject was next taken up by Pierre Simon Laplace (Mécanique céleste, supplement to the tenth book, pub. in 1806). His results are in many respects identical with those of Young, but his methods of arriving at them are very different, being conducted entirely by mathematical calculations. For those who wish to study the molecular constitution of bodies it is necessary to study the effect of forces which are sensible only at insensible distances ; and Laplace has furnished us with an example of the method of this study which has never been surpassed. He found for the pressure at a point in the interior of the fluid an expression of the form where K is a constant pressure, probably very large, which, however, does not influence capillary phenomena, and therefore cannot be determined from observation of such phenomena; H is another constant on which all capillary phenomena depend; and R and R' are the radii of curvature of any two normal sections of the surface at right angles to each other.
The next great step in the treatment of the subject was made by C. F. Gauss (Principia generalia Theoriae Figurae Fluidorum in state Aequilibrii, Gottingen, 1830, or Werke, v. 29, Gottingen, 1867). The principle which he adopted is that of virtual velocities, a principle which under his hands was gradually transforming itself into what is now known as the principle of the conservation of energy. The wording of Maxwell is a bit unclear there: he seems to refer to what is now known as the Euler-Lagrange principle of minimization of energy functionals, connected of course to the conservation of energy, as was shown by Lagrange, but not so directly. Instead of calculating the direction and magnitude of the resultant force on each particle arising from the action of neighbouring particles, he formed a single expression which is the aggregate of all the potentials arising from the mutual action between pairs of particles. This expression has been called the force-function. With its sign reversed it is now called the potential energy of the system. It consists of three parts, the first depending on the action of gravity, the second on the mutual action between the particles of the fluid, and the third on the action between the particles of the fluid and the particles of a solid or fluid in contact with it. The condition of equilibrium is that this expression (which we may for the sake of distinctness call the potential energy) shall be a minimum. This condition when worked out gives not only the equation of the free surface in the form already established by Laplace, but the conditions of the angle of contact of this surface, with the surface of a solid.
In 1831 Simeon Denis Poisson published his Nouvelle Théorie de l'action capillaire. He maintained that there is a rapid variation of density near the surface of a liquid, and he gave very strong reasons, which have been only strengthened by subsequent discoveries, for believing that this is the case. The result, however, of Poisson's investigation is practically equivalent to that already obtained by Laplace. In both theories the equation of the liquid surface is the same, involving a constant H, which can be determined only by experiment. The only difference is in the manner in which this quantity H depends on the law of the molecular forces and the law of density near the surface of the fluid, and as these laws are unknown to us we cannot obtain any test to discriminate between the two theories.
We have now described the principal forms of the theory of capillary action during its earlier development. In more recent times the method of Gauss has been modified so as to take account of the variation of density near the surface, and its language has been translated in terms of the modern doctrine of the conservation of energy. See Enrico Betti, Teoria della capillarita: Nuovo Cimento (1867); a memoir by M. Stahl, "Ueber einige Punckte in der Theorie der Capillarerscheinungen," Pogg. Ann. cxxxix. p. 239 (1870) ; and J. D. Van der Waals' Over de Continuiteit van den Gasen Vloeistoftoestand. A good account of the subject from a mathematical point of view will be found in James Challis's "Report on the Theory of Capillary Attraction," Brit. Assn. Report, iv. p. 235. J. A. F. Plateau (Statique expérimentale et théorique des liquides, 1873), who made elaborate study of the phenomena of surface tension, adopted the following method of getting rid of the effects of gravity. He formed a mixture of alcohol and water of the same density as olive oil, and then introduced a quantity of oil into the mixture. It assumes the form of a sphere under the action of surface tension alone. He then, by means of rings of iron-wire, discs and other contrivances, altered the form of certain parts of the surface of the oil. The free portions of the surface then assume new forms depending on the equilibrium of surface tension. In this way he produced a great many of the forms of equilibrium of a liquid under the action of surface tension alone, and compared them with the results of mathe matical investigation. The debt which science owes to Plateau is not diminished by the fact that, while investigating these beautiful phenomena, he never himself saw them, having lost his sight in about 1840.
II. LAPLACE'S CALCULATION OF THE CAPILLARY RISE
Laplace considers a vertical cylindrical tube in a wetting fluid, with an horizontal surface far from the tube. The physical principle behind his calculation is the same as in Newton: the attraction of the fluid by the wall of the tube causes the ascent of the fluid inside the tube, but the short range interaction between molecules explains that the rise of the liquid is accompanied by bending of its surface. I'll follow closely Laplace's demonstration of his relation between the mean curvature and the pressure change across the interface, in particular I'll use the same notations as Laplace. Laplace shows his point by a mindblogging set of variable changes. Recall Maxwell appreciation of this calculation: Laplace has furnished us with "an example (....) which has never been surpassed". To a modern reader, Laplace computes the vertical force due to the local fluid interacting with molecules just underneath the surface, When the surface is non planar, and when the range of interaction is very short, there is a small addition to the force due to the amount of liquid between the tangent plane and the curved surface and this is proportional to the mean curvature of the interface. Laplace finds the first order contribution to this force for a small ratio of the range of the force to the radius of curvature of the free surface.
Laplace draws a figure in a vertical cross section passing through the axis of a vertical pipe of circular cross section. Using this figure he writes the condition of equilibrium of the fluid filling an imaginary U-tube inside the liquid with a small (and even very small, see below) diameter. This tube has one horizontal branch, LK ( I use the same lettering as Laplace, which may be sometimes a bit confusing because the letters L and K are going to take a very special meaning at the end, different of the present one) and two vertical branches, one LN ending at N on the free surface, far from the material tube (or pipe), and another one, KE following the axis of the pipe and crossing the meniscus (assumed to be spherical) inside this material tube in its lower point of horizontal slope. The material tube has diameter 2a as well as the half sphere making the meniscus inside. This meniscus meets the wall of the pipe at A and B ( A and B in the planar figure are of course for an actual circle). Lastly the cross section of the small imaginary tube is σ. Therefore the ascent to be computed is the vertical distance between E and N . This ascent is explained by the larger vertical force on EK than on N L: the short range forces inside the fluid have a net effect near N smaller than near E because there is more fluid there to pull up the matter inside the fictitious tube, the fluid between the flat plane (near N ) and the bent surface (near E). Laplace does the calculation of the vertical force for a surface of arbitrary curvature and then subtracts the contribution of the plane surface (zero curvature) from the curved surface near E. Let M be the current point inside the liquid and let d 3 F be the vertical component of the attraction of the volume element d 3 V near M on the current point P inside the fictitious tube:
where X(p) is the intensity of the force between two volume elements distant of p (this implies that two volume elements d 3 V and d 3 V at a distance p from each other exerts a force
, the element of volume of the small tube around P is written as σdr, σ area of the cross section (very small and not written anymore) and dr is the length element along KE, such that r = 0 is at the center of the hemisphere making the meniscus.
With this definition X(p), independent on the volume element, is an intensive quantity), ω being the angle between the vector P M and the vertical, also the axis of symmetry of the real tube. Now begins a bewildering set of change of variables. First Laplace writes d 3 V = u 2 du sin(θ)dφdθ where the origin of the spherical coordinates is the center O of the hemisphere making the meniscus, so that u = |M O|, although θ is the angle between OP and OM and φ is the azimutal angle around the axis OP . Therefore the vertical component of the force on the material point at P is
The total force will be the integral of d 4 F over u, θ, φ and r (this should be multiplied by σ to get the full force on the tube EK). To avoid explicit integration on r, Laplace uses the following two geometrical relations:
The two relations express the geometrical relations
where bodface are for vectors. Differenciating equation (3) with respect to r, at u and θ constant, one gets:
By substituting p 2 from equation (3) into equation (2) he obtains:
Therefore r = u cos(θ) + p cos(ω), which follows also more directly from a projection of the triangle P M O on the vertical. Substituting in this last equation r as given by equation (4), one obtains p ∂p ∂r = p cos(ω) and therefore:
The force d 2 F is found by integrating the force d 4 F , as given by equation (1), over φ and r Because of the axial symmetry the integration on φ yields a factor 2π and the result is:
From equation (6), cos(ω)dr = dp which yields a simpler formula for d 2 F . However there is a complication arising from the integration bounds for p, the variable replacing r. Laplace notices that, without liquid-vapor interface, the force d 2 F cancels by symmetry, because there are as many molecules above and below P (r). Therefore the force d 2 F is minus the force due to a liquid filling (hypothetically) the hemisphere making the meniscus, and the latter is easier to get. Therefore:
X(p)dp,
The lower bound in the integration domain for p corresponds to the case where the point M is on the surface of the meniscus (a half sphere of radius a), namely when r = a in the formula (3):
Laplace defines a new function of p replacing X(p) by
Notice the minus sign. Therefore
Differentiating now equation (8) with respect to θ one obtains:
and
|a−u| pY (p)dp,
One can already notice the 1/a factor in front of the integral on the right-hand side of this expression for d 2 F . It will ultimately yield the curvature in Laplace's relation for the pressure drop across the interface. From the way Y (.) appears in equation (10) it is natural to introduce a new function
In this definition p 0 is arbitrary but should be far bigger than the range of the interaction potential. It can be taken as a for instance. Therefore
This integral has to be estimated in the limit where the range of intermolecular forces (namely the range where the function X(p) is not zero) is far less than a, radius of the meniscus. The function Y (p) = − ∞ p X(p )dp is finite (= non zero) is the same range as X(p). Therefore this function has also the range of intermolecular forces. For u > 0 and p 0 = a, the latter is much bigger than the range of molecular forces. Therefore
p dp. Therefore
Putting w = a − u one obtains
In the limit a range of X(.) this gives:
Which Laplace wrote like:
with obvious expressions for K and H (original notations again. Notice that this K and H are the quantities Maxwell refers too in the Encyclopedia). The quantity d 2 F is a pressure (because it is a force divided by the cross section σ of an imaginary tube). The equality of pressure at K (following Laplace, I use the same symbol, K, for this contribution to the pressure and for the location on the free surface which may be a bit misleading in a first reading) and at L is the equilibrium condition at the same depth in a liquid. It yields p K = p L (this neglects the mass density of vapor compared to the one of the liquid. If this is not true, various simple changes have to be made). From the balance of forces, we have p K = d 2 F | a + ρg(EK), ρ mass density of the liquid and g the gravity acceleration, the second term on the right-hand side of the pressure p K is Archimedes hydrostatic pressure, and the first one the force due to capillary attraction inside the fluid, computed with a radius of curvature a of the free surface. Similarly
. From the equality of pressure at K and L we derive the formula for the capillary rise:
This amazing calculation cannot be surpassed, for sure. In Laplace's theory, surface tension is 2H and is related to molecular forces. This formula is extended for a surface which is not spherical by replacing where R 1 and R 2 are the so called principal radii of curvature of the surface of the liquid. These radii can be defined in many ways. For instance if one writes the local Cartesian equation of the surface like z = αx 2 + 2βxy + γy 2 where z is the distance to the tangent plane and x and y Cartesian coordinates in this plane measured from the point of tangency of the surface with the tangent plane, the sum
is (α + γ). I shall present below the derivation of more general formulae for surface tension, including with possible variations of the density near the interface, which Laplace assumes to be sharp. To the best of my knowledge, no attempt has been made to connect modern formulae for surface tension with the one by Laplace, Laplace's reasoning was soon criticized by Poisson and others, because it seems self-contradictory: it gives the correct difference of pressure across a curved interface, but it yields also an imbalance of forces near a flat interface: there particles in the liquid are attracted toward the bulk fluid by the other particles being there and this attraction normal to the interface is not balanced by the attraction by particles between this particle and the ones closer to the interface, because there are less numerous than the ones on the other side. Whence the desequilibrium.
This criticism of Laplace's derivation is often made in papers on the history of capillarity theory, but it is not fully correct: one may imagine (and it could be what Laplace had in mind, although he does not explain it) that the imbalance of pressure for the particles near the surface is actually compensated by the pressure of the gas above the liquid, which is the same in the pipe and on the flat surface. This is actually partly correct, because particles near the surface of the liquid are in equilibrium both because of the pressure there is equal to the gas pressure and to the local interaction with the other particles which is not included into this internal pressure. However this cannot be made fully consistent if one assumes a constant density in the liquid, up to the exact location of the interface.
Poisson understood that this weakness should be corrected by dropping the assumption of a sharp discontinuity of density at the interface, but by assuming there a smooth transition from vapor to liquid density. This point of view was taken over by Maxwell [1] and by van der Waals [2] . The work of the latter is more complete than the one of the former, and therefore the name of van der Waals is usually associated to this theory.
III. MODERN EXPRESSIONS OF SURFACE TENSION BETWEEN FLUID PHASES
A.
Kirkwood and Buff mechanical expression for surface tension
Over the years scientists, following the path opened by Laplace, derived expressions for surface tension of simple fluids made of particles interacting with a central potential. The expressions so obtained are fully explicit, once the pair correlation function is known inside the transition layer. An expression due to Kirkwood and Buff [3] connects Laplace's pressure difference with the tangential stress in the transition layer. Somehow this makes explicit the mechanical ideas of Segner on surface tension. This derivation of surface tension as presented below is taken from notes taken in my student time when I attended Yvon's lectures (in 1962-1963) on Statistical Mechanics, unpublished as far I can tell. Another expression of surface tension, due to Yvon (and original), is discussed afterwards and is quite different of the Kirkwood-Buff result.
The derivation by Kirkwood and Buff does not rely on the property of equilibrium, only on mechanical relations in a continuous medium made of particles. One begins with the balance of momentum in a system of material particles. Let us write first the momentum density as:
where, as before, boldface are for vectors, m is the mass of particles of position r i and speed v i , i particle index. The time derivative of j is
Define the mean speed at location r, i.e. u(r, t) in such a way that v i = u(r i , t) + ζ i with < i ζ i δ(r − r i ) >= 0, something that is always possible by computing first the average and then subtracting this average value from the present value v i . Therefore the gradient in equation (16) can be written as:
where P K is the kinetic pressure, a rank-two tensor:
Now we transform the first term on the right-hand side of equation (16) by using the equation of motion (dot are for time derivatives):
The interparticle force F ij is antisymmetric from Newton's third law: F ij = −F ji . Therefore the first term on the right-hand side of equation (16) reads:
Write now
, an identity easy to check for scalars instead of vectors like r, etc. Assume now that the force F ij is radial :
1 r dV dr where r = |r i − r j |, V (r) being the two-body interaction potential. In this case, the first term on the right-hand side of equation (16) can be written as the gradient of a symmetric rank-two tensor, the so-called internal stress tensor
This remarkable formula defines in general the stress tensor, for many kind of situations (not necessarily at equilibrium), including across a transition layer from liquid to vapor. Therefore it yields a general expression for the surface tension, as this one is given by integration across the transition layer of the component σ xx of the stress tensor, x being along the surface (assumed to be flat). Although Yvon derived this general expression of the stress tensor, he did not use it to derive another expression of the surface tension [5] , that is seen as another classical result for this quantity. Before to write it, notice that this last formula, once one assumes known the stress field in the fluid, can be made formally independent of the interparticle potential, as the classical fluctuation formulae for the compressibility or the heat capacity of an equilibrium fluid. The integration of the (xx) component of P Φ minus the uniform pressure on either side of the interface yields the surface tension. This constant pressure can also be taken as the (zz) component of the stress that must be constant for a flat interface, because the Cauchy-Poisson condition of equilibrium becomes ∂PΦ,zz ∂z = 0. Formally the surface tension σ is given by the integral
where z is the direction normal to the liquid/vapor interface, of area S and r p is the set of coordinates perpendicular to z. The easiest way to show that the integral in equation (17) represents surface tension is the old way: suppose the (2D) interface is slightly bent (ie with a radius of curvature much larger than its thickness). Consider a slice of thickness dn parallel to the interface. Therefore the in-plane stress yields a force perpendicular to the bent interface (the so-called hoop stress of continuum mechanics) equal to 2P Φ,xx dt 2R dn where R is the radius of curvature of the bent interface, so that dt 2R is the angle of the end side of the interface with the horizontal, dt being the length of the piece of interface along its tangential direction. Integrating the contributions to this normal force of all slices, one finds a normal force proportional to 1/R that must be compensated by the pressure difference across the interface, a way of proving Laplace's law with an explicit expression for the capillary constant.
Formally the integral over r can be done because of the delta function δ [r − r i + λ(r i − r j )], with the result
This can be written with the help of the pair correlation function
Supposing the liquid-vapor interface to be flat and located near z = 0, the pair correlation function is a function of z a and z b and of r p,ab = (r p,a − r p,b ), the components of (r a − r b ) perpendicular to the z-direction. Far from the interface, n 2 (r a , r b ) tends to a function of |r a − r b |. Therefore:
This integral converges: r p,ab must be everywhere within the range of the pair potential, and far from the interface the integrand tends to zero because the pair correlation becomes a function of the modulus |r a − r b |. Moreover the result is in agreement with the scaling law for surface tension (force per unit length), because dV dr has the physical dimension of a force, although the rest of the integral, including the integrand, scales like an inverse length.
Because of its mechanical derivatio, this formula for surface tension could be valid in more general situations than the one of interfaces between two fluids at equilibrium. One could think for instance to the surface limiting large assemblies of units swimming or flying for instance in liquids or air. However in this case, the kinetic part of the pressure is not necessarlly isotropic like in a Maxwellian distribution of velocities, and one must also consider a contribution to surface tension due to the anisotropic stress coming from the kinetic part of the pressure, seen now as a flux of momentum.
B. Yvon formula for surface tension
Formal expressions of surface tension as a function of molecular parameters were given by Yvon and by Kirkwood and Buff at about the same time (1947-1948) (although the calculation given above is due in its main lines to Yvon, the final result is the expression derived by Kirkwood and Buff. Yvon himself gave a different expression of surface tension I'm discussing now).
The expression of surface tension by Laplace (and by Kirkwood as well in some sense) is of a purely mechanical nature, the one by Yvon and equivalent ones published later are formally proportional to k B T , k B Boltzmann's constant and T absolute temperature, which departs remarkably of Laplace's theory, this one being free of any statistical quantity like k B T . This is significant because liquid Helium, a liquid at zero temperature, has a nonzero surface tension at zero temperature. Therefore a (non existing) extension of Yvon's formula to quantum liquids should have a prefactor different of k B T . There is no obvious connection between Yvon's expression of surface tension, linked to statistical fluctuations, and mechanical Laplace's and Kirkwood-Buff expressions. Following the path opened by Yvon [4] , Triezenberg and Zwanzig [6] relate surface tension to a response function they call K(r p,1 , z 1 , r p,2 , z 2 ) (in our notations) that is itself defined through the change of free energy δF due to a variation δn(r p , z) of density in the transition layer by
This derivation by Triezenberg and Zwanzig is unclear because they do not indicate how to disentangle the variation of free energy due to the fluctuations of density close to the transition layer, from the one in the bulk fluids on both sides of the interface. Yvon's expression, although cumbersome, is given explicitely by a kind of virial expansion. Therefore I will discuss Yvon's theory of surface tension, free of the ambiguities of Triezenberg and Zwanzig.
A central quantity in Yvon's theory is the function g ij = 1 − e − V ij k B T where V ij is the interaction potential between particle i and particle j. Yvon adds an external potential U (z) to make the interface well-defined. Inspired by his work on equilibrium statistical mechanics, he writes a formal relation between the equilibrium number density n i (r i ), not necessarily uniform, and the interaction. This relation reads:
This relation may be seen as expressing microscopically the constancy of the chemical potential k B T κ in a system at equilibrium. In this equation U (.) is a position dependent external potential. Pay attention to the fact that n i in the above equation and later on is a function of one variable only (this is different of the definition of n 2 used in equation (19)). It is not a pair distribution function. The price to be paid to get such a formally simple relation is that the right-hand side is given by an infinite series. As an answer to a question by de Boer and as published in the Proceedings of the IUPAP conference [5] , Yvon explains how to derive this formula. It is derived from the hierarchy of equations between the correlations at equilibrium for a classical fluid. The first equation of this hierarchy reads
where X ij is the interparticular force (the gradient of the potential U ij ), X i is the force due to the external potential U and n ij is the pair distribution function. There are higher order relations between n ij n ijk , etc. This infinite hierarchy is solved order by order by assuming first that n ij = n i n j , etc. This yields the infinite expansion on the right-hand side of equation (20) . The quantity κ is a constant (independent on position-this is a central point for the coming calculation) of integration derived from the integration over space necessary to derive (20) from the hierarchy. Yvon attributes this result to Ursell. The expansion parameter in Ursell equation (20) is the density, something like a combination nr converges or not. Notice too that no thermodynamic limit is involved there; the total number of particles and/or the volume of the "system" nowhere enters in this expression.
In the case of an homogeneous system (that is with U uniform) one can write equation (20) like
where Φ(n) is just the infinite series on the right-hand side of (20) evaluated for a constant n 1 . Let us take now an external potential changing slowly as a function of the coordinate z. In this case, the relationship (21) remains almost correct at each location, but with U and n depending on z. By differentiation with respect to z, one finds:
In an external potential there must be hydrostatic equilibrium. Therefore the external force must be balanced by the pressure. This imposes − ∂U ∂z = 1 n ∂P ∂n , where P is the hydrostatic pressure. Therefore
This can be inversed into the equation of state:
Both relations are correct if the density changes slowly with respect to z, and but they cannot be applied directly to situations with a sharp interface between two thermodynamic phases like vapor and liquid. Nevertheless, even in this case, the fundamental equation (20) remains correct, and Yvon uses it to derive an exact expression for surface tension. Let us assume that U (z) is still a slowly varying function of z. Therefore in equation (21) the left-hand side is close to be constant across the sharp interface, which imposes Φ v = Φ l where Φ v,l are the values of Φ(n) computed at the number density of the liquid (index l) and of the vapor (index v). From equation (22), because U (z) is slowly varying across the interface, P (n) must be also continuous when n changes from n v to n l across this planar interface. This continuity of pressure across the liquid/vapor interface will also be shown to be a consequence of the coming calculation. At this step Yvon, without saying it, makes a calculation rather close in spirit to the one by Laplace. He derives the fundamental relation (20) with respect to z swithout left-hand side to obtain:
This equation needs some explanation. The derivation under the integral sign on the left-hand side acts only on functions n i (r i ) with respect to r i , although the derivation was initially with respect to z 1 . This implies change of argument of the derivatives from r i to (r 1 − r i ), as always possible. This makes appear the argument r 1 in the functions n i 's, whence the derivation with respect to z i in the integrals. The second remark concerns the crucial fact that the right-hand side of equation (24) is linear with respect to the derivative of n with respect to z (something not following from the considerations of Triezenberg and Zwanzig). Therefore Yvon writes formally (24) like:
where L 12 is a function of (r 1 , r 2 ) with a well-defined density expansion such that
Let n(z) be the density across the liquid/vapor interface. Yvon now proceeds to the writing of the (exact) equation (25) across a slightly curved interface. In this case the dependence on coordinates across this interface includes a dependence on the coordinates x perpendicular to z, direction normal to the local interface. The dependence with respect to x comes from a local change of coordinates from z to z −
where R is the radius of curvature of the interface, this being small because one assumes that R is large compared to the thickness of the interface. The density in the interface becomes n(z −
∂n ∂z , because again R is large. The idea now is close to the one by Laplace and amounts to apply equation (20) and its consequences to the situation of a U-tube in a liquid and a gravity field. Let δU be the change in gravity potential due to the capillary rise in the tube at the interface. Therefore, near the meniscus, the gravity potential is nearly constant and can be added to the "constant" κ (which is uniform in all the fluid, liquid and vapor), to yield an effective value of κ near the meniscus that is κ − δκ, δκ small. Because κ = Φ(n) + U k b T is constant everywhere, a small variation of U must be balanced by a variation of Φ(n). Let us consider the condition of equilibrium between the pressure and the external potential (practically the gravity potential) − ∂U ∂z = 1 n ∂P ∂z and let us compute the corresponding value for the pressure on the side of the vapor and onthe liquid side. One can neglect changes in the density of either fluids on the height of the column of liquid. Therefore, by integration over z, one gets the following two relations for the change of pressure due to the change δU in U :
Because the quantity κ must be constant in equation (20) , a change in U must be balanced by a change in the righthand side of this equation. This right-hand side changes near the interface because of the curvature of the interface. Therefore
where δV is the change in the right-hand side of (20) due to the curvature of the interface. It is in general
Now one multiplies both sides of this equation by
∂n1 ∂z1 dz 1 and integrates with respect to z in order to recover the density difference (n v − n l ) as it appears in the equilibrium condition (26). The term proportional to ∂n2 ∂z vanish because of equation (24), The result is
Equating the left-hand side with the pressure jump across the interface, one recovers Laplace's relation with the following value of surface tension:
Recall that in this expression
2 where x i is the component of r i parallel to the local interface. This formula has the correct physical dimension: k B T is an energy, it is multiplied by a quantity with the dimension of an inverse square length, so that the result is a force per unit length. It must be understood that such a formula is not very useful for real fluids, because it requires the knowledge of the operator L ij across the interface, an unknown quantity in general. Various approximations have been introduced over the years for representing equilibrium and slightly non equilibrium interfaces, the best known being probably the one due to van der Waals, involving a parameter changing continuously across the interface, the so-called phase field. It must be noticed that the derivation of the surface tension for the phase field model does not rely on the application of either the Kirkwood-Buff or the Yvon expressions. Instead it is derived directly for the model at hand.
C. Summary
This section was about the derivation of the surface tension from basic principles, namely by using (classical) mechanics and the condition of equilibrium in continuum matter. This rather impressive feat goes from the early considerations by Newton who set in motion modern science by saying that matter, made of atoms, follows the laws of motion he had discovered. The calculation of surface tension by Laplace was somehow the first example outside of celestial mechanics where this Newtonian program was fullfilled. It took the work of some of the greatest scientists to do this, Laplace, Young, Gauss and Maxwell. The story does not end there. New questions, new physical situations, many of them in recent years, kept the subject alive. Before to go to that, I shall introduce a few notions and ideas that I shall not deal with anymore but that are of some interest for the subject.
An interesting issue is the sign of surface tension. Most likely, Gauss was already aware that, because equilibrium configurations minimizing surface energy have to be a minimum and not a maximum of energy, surface tension must be positive. This positiveness does not show up in Laplace's calculation, and his result does not imply that H has a particular sign. Something very similar can be said of the formula by Kirkwood. The formula by Yvon (equation 28) is the closest one of a formula where one could hope to prove σ is positive, because it looks like a square, L 12 being symmetric. However its sign does not look to be obviously positve. Indeed at the liquid/vapor critical point, surface tension vanishes, something that had been observed quite early in experiments.
In the coming sections, I review three domains where capillary phenomena are important and play a may be unexpected role.
In section IV I shall explain first what is the problem of the moving contact line and how do I see its solution. This will include also a discussion of experiments showing the two stages of the relaxation of a droplet under the effect of surface tension on a partially wet substrate. Observations are in complete agreement with the theory.
Section V is about a quite spectacular phenomenon, the Leidenfrost effect, named after Leidenfrost who is in the list of historical contributors to surface tension according to Maxwell (see above the historical introduction). This Leidenfrost effect mixes together many aspects of fluid physics: there is first a liquid droplet holding by surface tension and which can be deformed by viscous stress. This viscous stress comes from the flow of vapor generated underneath the droplet hovering on a hot flat surface without touching it. Because of the poor heat conductivity of vapor, the lifetime of the droplet is very long, much longer than it would be when touching the hot (metallic) plate. The theory is a good opportunity to see how a seemingly simple problem requires to carry the analysis in different limits with different "physical" phenomena becoming important after having been negligible.
Section VI is also about phenomena observed recently in experiments and involving surface tension. This is the possibility of showing that surface tension may become significant in soft solids. The most direct evidence so far we have found is the occurence of Rayleigh-Plateau instability in a cylinder of such a soft solid. Even though this solid is soft, it is still mechanically a solid and even a very good one: its response to stress is well described by the so-called Neo Hookean theory up to quite large strains, and this response is reversible, something which is not true with most material we think as solids, like glass or iron. Their range of reversible elastic behaviour is far narrower than the one of the soft solid used to show the Rayleigh-Plateau instability. This instability is simple to explain: a cylinder of material is not in a state of energy minimum because one can lower its surface, at constant volume, by a long wave modulation of the radius of the cylinder (a cylinder is obviously not a minimum area configuration). This very classical instability is often observed in fluid jets. In solids one sees the instability also, but with some important differences with respect to liquids, as reported and explained in this section.
IV. MOVING CONTACT LINE
This section presents material published in [7] . A contact line is the locus where three bulk thermodynamic phases meet. From the geometrical point of view it seems obvious that three phases existing in volume meet "generically" along a line, because the condition of meeting lowers by one the dimensionality of the manifold where this meeting takes place, every time a new bulk phase is added. For instance two bulk phases meet along a surface, three phases along a line, etc. The extension to four phases (like two immiscible liquids, their vapor and a solid) is not that obvious: it has been shown [8] that, in a finite range of equilibrium parameters, four phases may merge along a line too, although the argument above would predict they meet at a point only, the meeting point of four contact lines. This robust four phase merging along a line is a non trivial consequence of the minimization of the capillary energy.
I shall consider the contact line between three phases such that one phase is a solid with a homogeneous and geometrically flat surface, an idealization for many physical situations where this surface is heterogeneous at almost all scales, because of its geometrical roughness and/or its chemical heterogeneity. That inhomogeneities of solid surfaces are relevant for determining the contact angle can be easily understood: the contact line is at the merging of the liquid/vapor interface and of a solid surface. Therefore it is sensitive to scales on the solid surfaces of size of the order of the thickness of the liquid/vapor interface, and this thickness is fundamentally of atomic size, except near critical point. Even if the solid is flat and chemically pure, it may remain heterogeneous because, being usually a polycrystal, different crystal orientations cross the surface. However the ultra smooth surface of Silicon wafers approaches reasonably well a plane homogeneous solid surface, as was shown by Beysens in particular. The quality of such a surface is measured by looking how close to a spherical cap is a standing droplet, i.e. how close it is to the theoretical equilibrium shape with an uniform contact angle. The contact line is the line where (usually) a l/v (liquid/vapor) surface merge with the underlying flat solid.
The equilibrium merging of a l/v surface with such an ideal solid has a long history, going back to the works of Laplace and Young [9] .
An important result of Young-Laplace is the equilibrium value of the angle ϕ 0 between the liquid surface and the solid, given by the formula:
where σ ab is the energy per unit area, or surface tension, between bulk phases a and b : for instance σ sv is the surface energy of the solid (index s) in contact with vapor (v), etc. This relationship follows from the minimization of the capillary energy written as a sum of three contributions of the three surfaces lv, ls and vs meeting along the same line, this way of introducing surface tension being due to Gauss. For instance, in the case of a droplet standing at equilibrium on a flat surface, the minimization of the capillary energy yields the shape of the lv surface, a spherical cap, and the contact angle, given by equation (29). This implies a rather subtle point, namely that there is no significant bulk contribution to the integral to be minimized, although the volume contribution is a priori orders of magnitude larger than the surface contributions in the thermodynamic limit of a droplet much bigger than any molecular length scale. This neglect of the (formally dominant) volume terms in the minimization is a consequence of thermodynamical equations for fluids, which is explained in Landau-Lifshitz on Statistical mechanics. Basically the variation of the volume terms exactly cancel in the minimization because of the constraint of equality of the chemical potential in the two phases (liquid and vapor usually) at equilibrium on both sides of the interface. The next order terms in the expansion for a large system are of the order of the area and are precisely the ones retained by Gauss. There has been some attempts to go beyond the order kept by Gauss in the limit of large volumes by introducing a free energy proportional to the length of the triple line. This is inconsistent because at the same order (volume or number of particles) to the 1/3 power, other terms contribute to the free energy without being linked with a geometrical feature, like the length of the triple line. The equation (29) assumes partial wetting, namely that
Later on we shall focus on a liquid/vapor interface and denote σ lv as σ without subscript, a positive quantity, Once the equilibrium part of a physical problem is understood (and this one is fairly well so!) it seems quite natural to look at its dynamical part. After all, after a droplet has been left at rest on a flat solid, it is easy to tilt the solid and see what happens, in particular how the Young-Laplace relation is changed. Indeed this kind of experiment has been done many times over the years either with sliding droplets or by drawing or plunging plates into liquids, etc. Another problem of dynamical capillarity is how two droplets standing on a solid merge, as studied by Beysens and collaborators, see the short review in section IV C.
All these experiments involve some displacement of the contact line on the solid surface, a problem whose solution remains a topic of interest, both experimentally [10] and theoretically [11] . It has been a matter of controversy for reasons explained below.
Let us begin with the following very simple remark (which does not follow the main trend in this field): if one wants to describe macroscopic phenomena, pertinent for most if not all experimental situations, one has to use macroscopic physics. This means that no microscopic length scale should appear explicitely in the theory, more precisely that the regularization of macroscopic divergences by small scale microscopic lengthes does not provide the right answer, and leaves ill posed the macroscopically ill posed problem. Indeed it has been often suggested to cure the "moving contact line disease" by introducing in the fluid equations a microscopic length scale like the short range interaction between the free surface of a liquid (for instance) and a close enough solid surface. Another possibility is to introduce a Navier length to allow sliding of the liquid with respect to the solid (altough such a sliding is forbidden by the regular boundary conditions for a viscous liquids on a solid, as confirmed by many experiments since the mid nineteenth century). This does not make a consistent schema of description of the macroscopic world, because at scales of order of this microscopic range all sort of things happen, outside of the realm of continuum mechanics. This way of introducing atomic/molecular interactions is not consistent in general with the lubrication approximation, even though it could lead to fair mathematical solutions. There the devil is in a logarithm. If one does not accept this (I believe incorrect) way of solving the moving contact line problem, one is left with divergences in the macroscopic theory, namely divergences at macroscopic scales. This can be fixed within the realm of macroscopic/continuum mechanics, by considering carefully what is meant by moving contact line and what are the relevant parameters.
As often in physics one should consider first the dimensionless number whose value, small or large, indicates which physical effect is important with respect to another one. In the field of contact line dynamics, this number is the capillary number N c = ηU σ where η is the shear viscosity, σ the l/v surface tension and U a typical fluid speed. It measures the relative strength of surface tension compared to viscous forces. Contrary to many dimensionless numbers in continuum mechanics, like Peclet, Reynolds, Rayleigh, etc numbers, N c does not depend on any length scale, which explains why logarithms appear at the end. This number can also be seen as the ratio of U to a molecular speed σ/η, of the order of magnitude of the speed of sound usually. Therefore, and except for very viscous liquids, the capillary number is small or even very small in experiments. This makes the approximation of a small capillary number relevant for many if not most physical situations. The contact angle changes by finite amounts as a function of the speed of the triple line in a range of small to very small capillary numbers, typically 10 −3 to 10 −4 . This sensitivity is explained in reference [11] . It is related to the fact that contact line motion requires evaporation, a slow process depending on an Arrhenius factor for thermodynamical conditions far from the critical point, the most usual ones by far. In the limit N c 1 it is legitimate to neglect viscous forces with respect to capillary forces. This leads to a well-defined limit where contact line dynamics can be used to solve concrete problems, like the sliding of a droplet on an inclined plane [12] . The occurence of a cusp behind the droplet is well-explained in this way, following an idea of Blake and Ruschak [13] .
The adiabatic limit neglecting viscous forces with respect to surface tension is obviously incorrect for capillary numbers ranging from finite to large. There the contact line motion can be either by evaporation/condensation or by a wetting/drying dynamical transition. This last case is relevant in the early stage of the merging of droplets sitting on a horizontal plane, an experimental situation studied by Beysens et al [10] , see also the section IV C below. Afterwards the motion slows down considerably to reach a regime where the dynamics is enslaved to the small mobility of the contact line. In the fast regime, the large capillary forces are such that part of the contact line moves forward so quickly to induce locally a drying transition so that the fluid surface merges tangentially with the solid surface. This regime can be fully understood in the sense that one can write down a complete dynamical system for the fluid surface as well as for the contact line. This fast stage involves the solution of two problems, first the dynamics near the fast moving dry contact line, then the consistent fluid equation near the immobile part of the contact line. At later times things become far more straightforward, as the relaxation is dominated by the low mobility of the contact line.
Below we review in section IV A the "trouble-free" case of moving contact line, namely a case where the l/v interface is tangent to the solid, with the solid remaining dry, a situation that shows an excellent theory-experiment agreement [14] . It is trouble-free because the difficulties of the Huh-Scriven solution for a finite contact angle are absent for this case.
Next, in section IV B this Huh-Scriven solution is reviewed. This is the "solution" of Stokes fluid equation in a wedge of liquid of fixed angle sliding on a solid. No fair solution of this problem exists because at the end there are too many boundary conditions for the equations to be solved. This is in sharp contrast with the outcome of the phase field model for the same problem, that has been shown to yield a well defined solution [15] . Compared to the original Huh-Scriven "solution" the phase field model permits evaporation or condensation at the liquid-vapor interface without any hindrance, which goes against basic physics: evaporation or condensation require exchange of energy to balance the release or absorption of latent heat. Once evaporation/condensation across the liquid/vapor interface is permitted, it yields a well-defined solution of the moving wedge problem without taking into account the latent heat. Inclusion of latent heat does not change fundamentally the picture as shown in [7] .
A. Moving contact line on a dry surface
What is meant by dry surface here is the case where the liquid/vapor surface meets tangentially the solid, in such a way that the liquid does not wet the solid. This is realised when the contact angle ϕ, as defined by relation (29) is such that ϕ = 0, that is realized for σ lv < |σ ls − σ vs |. This is the case where surface tension of the liquid/vapor interface is small enough compared to |σ ls − σ vs | so that the shape of the droplet is the closest possible to a full sphere to minimize the interaction energy of the liquid with the solid. That ϕ = 0 in this case makes sense in the Gauss approach where the optimal shape of the droplet is found by minimizing the total surface energy, it does not follow directly from the Young-Laplace relation (29), which becomes impossible to solve if σ lv < |σ ls − σ vs |. Below I solve the problem of the flow field near the moving contact line. This mostly recalls a derivation made in reference [16] . Suppose a droplet of non wetting fluid rolling down an incline and neglect any effect of the vapor. Assume too a 2D geometry. Stokes equation can be written in terms of the stream function Ψ(x, y). The for y = 0 and x < 0. On the free surface three constraints must be satisfied in general: it must be a material surface (ie. it must be carried by the flow), the tangential stress must be continuous across the surface and the eventual jump of normal stress must be balanced by surface tension. Let
be the local Cartesian equation of the free surface of radius of curvature R. The kinematic condition at the free surface requires that the normal component of the fluid velocity equals the velocity of the contact line (this is true for a local solution only). If n = (−x/R, 1) is along the normal to the free surface, and U is the velocity of the contact line with respect to the solid, then
for y = x 2 /2R, x < 0 is the kinematic condition. The condition of absence of tangential stress reads:
In the neighborhood of the moving contact line x = y = 0, we use polar cordinates (r, ϕ) and look for a stream function of the form Ψ = r n Φ(ϕ). 
This solution is found by neglecting the vapor. In many situations, the layer of vapor between the fluid and the solid is so thin that it cannot be considered as a continuous medium in the usual sense of fluid mechanics, because it is thinner than the mean free path, a fraction of a micrometer in usual conditions in air. It does not mean that this layer can be forgotten, only that, even from the point of view of order of magnitude, its dynamics is outside of the range of continuum mechanics. One point deserves to be considered here: one might wonder why this particular dry contact angle yields a welldefined solution although the wedge problem with a non-zero contact angle (considered below) has no well-defined solution in the same formulation of the problem (that is with, seemingly, the same number of b.c's). This is because in the present problem (dry contact line) the contribution of the viscosity to the normal stress tends to a constant near the contact line, and can therefore be added to the capillary pressure, constant also, to balance the normal forces. On the contrary, in the case of a wedge of finite angle, the viscous contribution to the normal pressure diverges like 1/r near the contact line and cannot be balanced by a constant capillary pressure (see section IV B below).
This solution helped to find the flow field close to the contact line for a small non wetting droplet rolling down an incline. The speed of descent of this droplet was also derived in ref [16] , with the non trivial result that the smaller is the droplet, the faster it rolls down for a given angle of incline, as was observed [14] . Somehow this counterintutitive property explains why mercury is called also "quicksilver". It follows from the fact that, as the droplet gets smaller, the volume where dissipation occurs gets smaller more fastly than the driving force (gravitation) tending to move the droplet. Of course this increase of the speed stops when the droplet gets so small that the friction on air becomes the dominant force on it.
B. The flow in the wedge (Huh and Scriven) Below I consider the case where the liquid/vapor interface meets the solid at finite angle and moves at constant speed with respect to the solid. It has been shown by Huh and Scriven that, in this case (and contrary to what happens for a dry surface just considered), there is no solution of the Stokes equation (ie Navier-Stokes by neglecting acceleration) for the fluid flow in the wedge because there are too many boundary conditions. As argued in a series of papers [11] , [12] and [17] , this lack of solution of the hydrodynamic problem is not relevant for the often met case of a contact line moving at small capillary number. In this case, the dynamics of the contact line is determined by a so-called (phenomenological) mobility relation between the velocity of displacement of the line normal to its local orientation and the difference between the equilibrium contact angle and its actual value (this may be a more complicated function of the two angles. It is only constrained by the fact that it should be zero at equilibrium, namely when the actual value of the contact angle is the equilibrium value. A function proportional to the difference between the two angles satisfies this requirement, but other functions could do the job too). The limit of a small mobility is equivalent to assume that the velocity of the contact line is still small (and makes the capillary number small) as the contact angle has changed by a finite amount. This limit is pertinent for many experimental situations and yields [11] a well defined approximation for computing, for instance, the sliding of a droplet on a tilted plane, a widely studied experimental model. In this limit one neglects the viscous stress everywhere, so that the shape of the l/v surface is defined by the minimization of its area although the shape of the contact line itself depends on the mobility condition. In this limit it is tacitly assumed that the viscous stress is a small perturbation to Laplace's capillary pressure. However this cannot be an approximation valid near the contact line itself. There the solution of the fluid equations in the fluid wedge yields a viscous stress diverging like the inverse distance to the triple line. Therefore, near this triple line at least, one cannot neglect the viscous stress compared to Laplace's pressure because the former remains finite although the latter diverges! It means that there is a neighborhood of the triple line where the viscous stress dominates Laplace's pressure when the capillary number is small. It is actually quite simple to estimate the size of this neighborhood by comparing the order of magnitude of the two quantities, viscous stress and Laplace's pressure. Let U be the velocity of the contact line, therefore at a distance r from the triple line the viscous stress in a wedge-like solution of the Stokes fluid equations is of order η U r , η shear viscosity of the fluid, although Laplace's pressure is of order σ R where R is the radius of curvature of the l/v interface as determined by the approximation just discussed (i.e. by neglecting the viscous stress) although σ is the surface tension. The viscous stress becomes of order of Laplace's pressure for r ∼ N c R, where N c , the capillary number, is small by assumption. This result should be seen with caution. Actually, to be valid it assumes implicitly that the small length estimated in this way is much larger or at most of the same order of magnitude as the microscopic length scale where the description by continuum mechanics breaks down. Indeed one thinks to the range of molecular forces, about a nanometer, but this "microscopic" length could be even bigger, of the order for instance of the scale of the heterogeneity of the solid surface that can be well within the micrometer range.
To summarize this discussion, in the limit N c 1, one can neglect the viscous stress almost everywhere to find the shape of a sliding droplet (for instance) except near the contact line itself in a neighborhood of size of order N c times the typical value of the radius of curvature of the droplet. There remains to analyze the fluid motion in this neighborhood. This has been the topic of rather detailed studies, mostly directed toward the elucidation of what happens at molecular scales near this line, how the short range molecular interactions between the fluid and the solid yield a coating layer that avoids the divergence of the stress near the triple line, how the Navier b.c. near the triple line with a slipping length can get rid of the same divergence, etc. This deals with molecular-scale phenomena, although we are concerned here with macroscopic phenomena, assuming, as we said, that the length scale N c R is far bigger than any molecular scale. This brings us to the so-called wedge problem, that we shall consider first in its original formulation [18] .
By wedge problem we mean, as did Huh and Scriven, a two-dimensional geometry with a flat homogeneous solid boundary that is taken as the y = 0 line in rectangular coordinates or the angle ϕ = 0 and π in polar coordinates, although the l/v interface is the half-infinite line of angle ϕ = ϕ 0 in between 0 and π, the fluid of index A filling the wedge 0 < ϕ < ϕ 0 and the fluid of index B the wedge ϕ 0 < ϕ < π. The fluid equation to be solved is the Stokes equation:
where Ψ is the stream function, and the b.c's are written in the moving frame where the l/v interface is fixed although the solid surface slides parallel to itself with a prescribed velocity U in the x direction. The detailed b.c's are given below as well as the relation of Ψ to the fluid velocity. The bilaplacian equation is written in polar coordinates (r, ϕ):
The components of the fluid velocity are related to Ψ as u r = − Because of the scaling laws of the local wedge problem, Ψ is like U rf (ϕ) where f (.) is a numerical function of ϕ (f is the function denoted as Φ before but another symbol is used here to avoid confusion between the two different cases). The general solution of equation (31) with this behavior is Ψ = rU f (ϕ) with
where (a, b, c, d) are constants of integration depending a priori on the side of the wedge, so that it takes two different form f A (ϕ) and f B (ϕ), each associated to a set (a A , b A , c A , d A ) and (a B , b B , c B , d B ) of constants.
The problem with the Huh-Scriven solution is that it has one more b.c. than free parameters. Indeed this does not mean automatically that there is no solution, because it could happen that one condition is a consequence of the others, but this is not the case. Let us enumerate the number of b.c.'s: two components of the velocity are fixed on the solid, which makes four conditions, two in fluid A and two in fluid B. On the l/v interface one imposes that the velocity normal to the interface is zero on each side, which makes two conditions, the tangential velocity must be continuous too, one condition, the normal stress and the tangential stress must be continuous. All in all this makes five conditions on the interface, amounting to a total of nine conditions for eight free parameters, a priori one too much. As shown in [7] , the constraint of absence of through-flow across the interface is unphysical. Usually in fluid mechanics evaporation/condensation is a small contribution to the motion of interfaces, and the equations are made consistent by adding as a free parameter the dynamics of the interface itself, although in the wedge problem this wedge has a fixed geometry which lowers by one the number of free parameters. For a volatile fluid the two conditions of continuity of the velocity on each side of the interface must be replaced by the single constraint of continuity of mass flux across the interface. This is what happens in the solution by Seppecher [15] , but it remains unphysical because it does not take into account the exchange of energy following the release or absorption of latent heat. From the point of view of fundamental principles, it is interesting to notice also that, as was recalled before, the Gauss principle of minimization of capillary energy makes sense if the chemical potential of vapor and liquid are the same. Otherwise the energy is dominated by the volume instead of the surface part. The equilibration of the volume part of the (free) energy requires that molecules can be freely exchanged between vapor and liquid, in other terms that evaporation/condensation can take place. The tangential stress reads in polar coordinates
where η is the shear viscosity. In terms of the stream function, σ rϕ = − ηU r f . Therefore the continuity of tangential stress reads η A f A (ϕ 0 ) = η B f B (ϕ 0 ). The normal stress reads in polar coordinates
Its explicit calculation requires the knowledge of p, the pressure. This one is found by solving the radial Stokes equation:
After some algebra one finds p = − ηU r (f − f ). Therefore σ ϕϕ = ηU r (f − f ), so that the continuity of normal stress imposes
the last of the nine linear conditions imposed to the eight coefficients (a A , b A , c A , d A and a B , b B , c B , d B ) . It can be checked, although this is quite cumbersome, that none of the nine conditions follows from the others. Therefore the problem has no physical solution. To restore the solution Huh and Scriven chosed to eliminate the condition of continuity of the tangential stress, something that cannot be justified by the laws of fluid mechanics.
This ends the exposition of the Huh-Scriven solution. A physically correct solution can be restored by replacing the condition that the l/v interface is a material surface by a condition of continuity of the mass flux across the interface. This will be done without taking into account the latent heat, which is taken into account in [7] .
In reference [19] it was shown that the wedge problem becomes well-defined once the possibility of evaporation or of condensation is introduced. From the point of view of thermodynamics, equilibrium between vapor and liquid requires the possibility of exchange of matter between the two phases by the evaporation/condensation process. Therefore in a dynamical situation one expects too that this exchange is permitted. Once this is introduced, the wedge problem becomes well-defined in the sense that there are as many conditions as there are unknowns with no arbitrariness. This solution of the hydrodynamical problem is recalled below. However it cannot be considered as complete, because evaporation or condensation requires exchange of energy by absorption or release of latent heat. The local problem of heat exchange near the moving wedge is well posed with a rather simple analytic structure as shown in [7] .
As already said, there are too many b.c. in the "original" wedge problem to make it solvable, although the physics dictates that evaporation/condensation should be taken into account if one imposes the shape of the l/v interface, and so lose the degree of freedom brought by the motion of this interface. Without taking into account the latent heat, as done here, and as relevant for the phase field theory of Seppecher [15] , the b.c. to be substituted to the absence of normal velocity across the interface is the condition of continuity of the mass flux across it. Recall that the two conditions of absence of normal velocity reads:
The azimuthal mass flux is ρu r = ρU f (ϕ) where ρ is the mass density. Therefore the continuity of mass flux reads
This single condition replaces the two conditions of cancellation of normal speed on both sides of the l/v surface. As shown in [19] together with the seven others it is enough to specify completely the solution of the wedge problem. In next section, we outline how these ideas are used to understand an experimental problem of contact line motion, the merging of two droplets standing on a solid in the condition of partial wetting at equilibrium.
C. An example of application of contact line dynamics: the merging of droplets standing on a flat plane
The merging of droplets sitting on a plane in the condition of partial wetting is a fair example of a physical problem of contact line dynamics. As argued in a series of papers [17] , [12] and [11] the motion of the contact line is determined by a so-called mobility relation between the velocity of displacement of the line normal to its local orientation and the difference between the equilibrium contact angle and its actual value. In the limit where the mobility is small, pertinent for many experimental situations, this yields a well defined algorithm for computing the dynamics of the deformations of a droplet. The idea there is to remark that, if the capillary number is small, one can neglect in the balance of forces the viscous stress and solve for a given contour of the droplet the local equilibrium problem of a minimal liquid-vapor area, given the volume inside the droplet. This gives a value of the contact angle that is usually different of the equilibrium value. Once inserted into the mobility relation this yields the local velocity of the contact line, and so the dynamical problem is fully determined. However, this requires that the capillary number is small, which may not be always true. In the case of two droplets merging on a plate, the early stage does not satisfy this requirement of a small capillary number. This is because at this early stage the two droplets have a very large capillary energy in their contact area. This relaxes very quickly by bridging the gap between the two droplets. That a change of topology may yield large and even formally infinite, velocities is obvious in 2D. There the surface of droplets at equilibrium becomes arc of circles. Suppose two such "droplets" stand on a plate (a line actually), and that their distance is progressively set to zero, making disappear the interval between them. After this interval is filled, the new equilibrium shape, with the prescribed contained volume and the immobile end points is a single arc, instead of two before, and this arc is not related continuously to the two arcs before the merging. Therefore the prediction of the adiabatic theory cannot apply during a short time after merging because it predicts an infinite speed, contrary to the assumed slowness. Of course the situation is far more complicated in 3D, but the early stage of merging can be described by a self-similar analysis. Later on the merging slows down and the merging occurs at low capillary number and becomes fully described by the adiabatic process alluded to before, where the dynamics is enslaved to the shape of the contact line because of its low mobility.
As was suggested in [11] the mobility relation loses meaning in two limits, when the speed is 'very large' in either direction, the one where the liquid moves back and the one where it moves forward. According to [11] in both cases there is a dynamical transition to either perfect wetting or perfect drying. It could be too that a first order transition takes place in the mobility relation, namely that the contact angle (for instance) instead of falling dow to zero as the velocity (of receding) increaes until 0 is reached for a crtical value, that the angle drops abruptly from a finite value to zero as the receding velocity increases beynd a critical value . Similarly a whole range of dynamical contact angles could be excluded before the value of π (perfect drying) is reached. This cannot be excluded and certainly deserves to be studied. Indeed the transition from partial to complete wetting has been considered in great details in the equilibrium case where it is due to variations of the thermodynamic parameters. The idea of dynamical transition is different: it amounts to suppose that, beyond a certain speed of advance (the relevant case here), the droplet rolls locally over the solid surface, specifically when the speed is above the one for the transition to dynamical drying. We assume that this is what happens in the neck between the two merging droplets at the very beginning. Therefore the local dynamics depend on the balance of capillary forces and of viscous forces tending to slow down the motion. At the early stage of the merging one can assume that either the contact line is immobile because the velocity resulting from the local value of the contact angle inserted into the mobility relation is too low or moving at such a large speed (in the bridge area) that the local contact angle is for drying. Outside of the bridge area, the surface of the droplet is unperturbed, and therefore close to a spherical cap.
In this framework, there are, as observed, two distinct dynamical regimes in the merging process. First there is a fast regime, during which the bridge between the two droplets is filled at a speed making the capillary number of order one, although the rest of the droplet perimeter remains almost immobile. In this fast regime there is an overhang, as observed, in the bridge region, because there the advancing speed is above the transition value for dynamical drying. The slower regime is reached when the advancing speed becomes everywhere smaller than the critical value for dynamical dewetting. Afterwards the dynamics is ruled by the low mobility of the contact line and can be, at least in principle, represented, once the mobility law is known, by the method outlined in reference [17] .
One interesting question is to find the scaling laws typical of the short time dynamics just after merging, by using the principles outlined above. Let h(t) be the height of the bridge, between the two droplets that have started merging at t = 0, so that h(0) = 0. Of course h(t) is measured in the direction normal to the plane where the two droplets sit. Let furthermore L(t) be the length of this bridge in the direction tangential to the two droplets at their point of merging. For L small compared to R, radius of the droplet on the plane, one has approximately L(t) ∼ Rα, where α is the angle under which the bridge is seen from the center of the droplet in the plane. Let l(t) be the width of the bridge perpendicular to the line of centers of the two circles. From elementary geometry L ∼ (2Rl) 1/2 . Assuming now that the bridge is merging smoothly with the two spherical caps making the two droplets, one has that h(t) and l(t) are of the same order of magnitude, but for some constant geometrical factors. Therefore the curvature of the surface of the bridge is mostly in the direction normal to the line of centers, so that the Laplace pressure driving the fluid inside the bridge is p L ∼ σ h , where σ is surface tension. This is to be balanced by the viscous stress, of order η u h where u is the fluid velocity near the bridge and η the shear viscosity of the fluid. The balance of the two pressures yields that u ∼ σ η , equivalent to the condition that the capillary number is of order one. By refining this argument to take into account that the curvature depends also on the angle of merging of the two droplets at large scales, that is also twice the equilibrium contact angle θ (assumed small), one finds the condition N c = . Those predictions compare [10] fairly well with the experiments, which is significant given the complexity of the whole process of merging with various regimes involved.
The section above presented a topic which is likely not familiar to many students of statistical physics, namely the moving contact line problem. I think however that it makes still an ineresting subject of investigation because it is one of the rare instances where macroscale dynamical phenomena are not yet fully understood and do not depend on the complex structure of the material: simple fluids have this problem of contact line motion. I introduced also the idea that evaporation plays a crucial role to allow the contact line to move and that this explains why this motion is done so often at low capillary number. The next section is about an unusual natural phenomenon, the Leidenfrost effect. This mixes in a rather complex way various aspects of the physics of non equilibrium systems, including surface tension.
V. AN EXAMPLE OF COMPLEX THERMODYNAMICS WITH SURFACE TENSION: THE LEIDENFROST EFFECT
The Leidenfrost effect is named after J.G. Leidenfrost (1715 Leidenfrost ( -1794 who wrote an article [20] in latin, on his observation that liquid droplets do not touch very hot surfaces and so survive much longer than normally expected. As explained by Tyndall [21] later on, vapor is released in the gap between the hot plate and the droplet, It lifts the drop and cuts direct physical contact with the hot plate. This increases considerably the lifetime of the evaporating droplet because of the poor heat conductivity of vapor compared to the one of the metal of the plate.
Scaling laws derived recently [22] for small Leidenfrost droplets show the remarkable fact that, for radius less than
, the droplet takes off from the hot plate to reach higher and higher elevations as it evaporates and so gets smaller and smaller, (−δT ) being the temperature difference between the boiling point of the liquid and the hot plate, η the shear viscosity of vapor, λ its heat conductivity, g the acceleration of gravity, L the latent heat and ρ l the mass density of the liquid. Typically R l is in the range of a few tens micrometers, 19µm for a water drop on a hot plate at 400 0 C. The capillary length R c =
, σ surface tension between liquid and vapor, is 2.5mm for water, several orders of magnitude larger than R l . Therefore we shall assume R l R c . In this regime the droplet is so small that Laplace's pressure inside is so large that its shape is fixed to the one of a sphere. For droplets bigger than another critical value, derived below, the pressure due to the evaporative flux becomes of the same order of magnitude as Laplace's pressure in the droplet, so that one has to write coupled equations for the flow in the gap and the shape of the droplet surface there. This example of non trivial connection between fluid mechanics and capillary forces is explained in some details below.
As shown in reference [22] , for R less than a critical size R l , the height h of the gap between the droplet and the hot plate increases as R decreases, the opposite of what was usually admitted. Starting from droplets with radius larger than R l , it was shown that as they evaporate, when their radius becomes of order R l , then h becomes of order of the gap extent l and the droplets spontaneously take-off from the substrate, being too light to stand the upward force generated by evaporation. Because of this lift-up the lubrication approximation (for the temperature field and the flow between the droplet and the hot plate) becomes invalid.
We focus below on larger droplets, big enough to remain close to the hot plate, so that the lubrication approximation always applies. We derive first a set of two coupled equations for the height h(r) of the droplet surface and the pressure p(r) in the gap. Increasing R, solutions are found for the four following regimes depending on the range of droplet radii along the domains [R l , R i , R c , ..], with R i is defined below. Quasi-spherical droplets are described in subsection V B for radius of order R l , much smaller than R i . Slightly distorted droplets are described in subsection V C. They correspond to radius much larger than R l , up to about R i . In this case the pressure in the gap is much smaller than Laplace's pressure (we mean in general by Laplace's pressure the pressure drop across the vapor-liquid interface due to surface tension and equal to σ(1/R 1 + 1/R 2 ), R 1−2 being the principal radii of curvature of the surface of the droplet), therefore an "uniform approximation" can be used in the gap, and a spherical shape can be assumed close to the bottom of the droplet. Afterwards in subsection V D we study droplets of radius larger than R i , up to about R c , which is complex because an uniform approximation cannot be used in the gap: it splits into a trapped bubble connected to the outside by a narrow neck, and different scaling laws apply in the two domains, although the lubrication approximation remains correct in the trapped bubble and in the neck. Finally we consider in subsection V F the case of puddles, with radii much larger than R c . Note that the fluid motion and the temperature field in the gap are well described by the lubrication approximation whenever R is larger than R l .
A. Under the drop : the general picture
The lubrication approximation in the gap relies on three ingredients: i) Stokes equations for the flow in the gap. This gap is in the horizontal direction (x, y), and the components of the fluid velocity are (u, v, w), w vertical velocity. The boundary conditions are u = v = w = 0 for z = 0, the Cartesian equation of the hot plate. The other boundary conditions are on the surface of the droplet, at z = h(x, y). In the lubrication limit (h ,x and h ,y much smaller than 1-hereafter the notation f ,x etc. will be for ∂f ∂x ), this surface is close to horizontal, so that the b.c. (boundary conditions) are u = v = 0 for z = h(x, y). The b.c. for w is Stefan condition, written as w = λT,z Lρv where T ,z | z=h(x,y) is the derivative of the temperature with respect to z on the surface of the droplet, computed on the vapor side. Stefan condition expresses the conservation of energy: the heat flux λT ,z normal to the surface of the droplet balances the rate of transformation of liquid into vapor times the latent heat.
The Stokes equations read
p being the pressure. The velocity field is incompressible, so that
ii) There is another equation to determine the shape of the droplet surface in the gap. Depending if the pressure generated in the gap by the evaporation flow is of order or much less than Laplace's pressure 2σ R in the droplet, the equation for the surface can be discarded (subsection V B) or not (this subsection). If the gap pressure is much less than 2σ R , one can assume that the droplet is almost spherical. This yields
h 0 being the point on the spherical surface the closest to the hot plate and r = x 2 + y 2 the horizontal distance to this point. The parabolic approximation for h(r) is valid in the lubrication limit, h 0 R. It is derived in the limit r R from the Cartesian equation of a circle which reads there
If the fluid pressure in the gap is of the same order of magnitude as 2σ R , another equation is needed for h(x, y). This equation expresses the balance of forces normal to the surface of the droplet. The pressure inside the droplet is dominated by Laplace's pressure if R is much smaller than the capillary radius R c , as we shall assume. On the vapor side the normal stress is p − ηw ,z . Therefore the balance of normal forces on the surface of droplet inside the gap is
a condition inposed at z = h(x, y). This condition is obviously satisfied by h = h 0 +
if the pressure in the gap, (p − ηw ,z ), is negligible with respect to 2σ R . In the axisymmetric case equation (38) becomes:
iii) The temperature field satisfies Laplace's equation ∇ 2 T (x, y, z) = 0 because we neglect the convective part of this flux, assuming the Peclet number to be small. This temperature field satisfies the two boundary conditions, on the hot plate T (z = 0) = T 0 , and on the surface of the droplet T = T 1 for z = h(x, y). In the lubrication limit, the solution of Laplace's equation is
.
Therefore the vertical velocity on the surface of the droplet is w = −k δT h with δT = T 0 − T 1 (a positive quantity) and k = λ Lρv . Using the above relations, let us derive the equation for the pressure in the gap. By integrating the incompressibility condition from z = 0 to z = h(x, y) one obtains,
where << u >>= z=h 0 udz. In Stokes equation, ∇ 2 is dominated by the second derivative with respect to z, the shortest length scale in the lubrication limit. Therefore, u is close to the Poiseuille value,
. Once put into the equation (40) it gives,
where ∇ 2 = e x ∂ ∂x + e y ∂ ∂y , e x being the unit vector in the x direction. Equation (41) is valid for all situations where the lubrication approximation applies. It reads for axisymmetric geometries :
which can be solved by a double integration,
where p 0 is an integration constant fixed by the boundary conditions. Note that this expression is valid for any h(r) and requires only that the horizontal extent of the gap is much bigger than its thickness. Let us scale out the various physical quantities which have been introduced. As seen in the next subsection a convenient choice of units for r, p and h is
This choice naturally emerges for quasi-spherical droplets by an argument based upon the balance between the weight of the droplet and the lifting force generated by the pressure, but we shall see later that it is also pertinent for the description of the central part of the gap flow in the case of disturbed profile droplets with radius smaller than R c , whereas another scaling will be derived for the description of puddles which forms at R > R c , see section V F. Note also that for R ∼ R l h s ∼ r s , indicating that the lubrication approximation, requiring h s r s cannot hold anymore if the radius of te droplet becomes smaller than the length R l . This defines the range of values of R where the droplet takes-off from the hot plate [22] . We refer the interested reader to this reference for a more detailed explanation.
With such scalings the equation for the flow in the gap read without any physical parameter. In the axisymmetric case it reads,
and equation (43) becomes
Thanks to this integral solution, one can see that, given h(r), the integration constant p 0 is fixed by the condition that p tends to zero as r tends to infinity. The constant p 0 is related to h(r) by the expression
From w ,z = kδT h 2 one finds that p is larger than the viscous stress ηw ,z by a factor r 2 s /h 2 s , r s horizontal extent of the gap . Therefore, when the lubrication approximation applies, the contribution of the viscous stress to the balance of vertical forces can be neglected, and equation (38) yields
which writes in the axisymmetric case,
This equation written with the units given in (44) becomes
where all the variables are scaled, making appear a dimensionless number
which is the ratio of the pressure in the vapor flow to Laplace's pressure in the drop. The scaled coupled set of equations (48)- (50) together with appropriate boundary conditions make up the problem we shall consider henceforth. We recall that they are derived help to the scalings (44) appropriate for drops radii smaller than R c studied in V B-V C-V D, whereas another set of scalings will be derived for larger drops (puddles), leading to almost the same system of equations, see V F.
B. Solution in the case of an undisturbed surface
In this subsection we solve the equations for the lubrication limit in the case where the droplet remains almost spherical, that implies to neglect the term ξp in equation (50). This eliminates the need to derive the shape of the surface of the droplet in the gap. The present case (undisturbed sphere) is a fairly standard application of lubrication theory. Returning to the original variables we show that the scalings proposed in (44) yield parameterless equations. The result of the integration of the right-hand side of equation (43) with h(r) given by equation (37), is
where G(α) is the numerical function defined as
To have the pressure tending to zero at r tending to infinity one must take p 0 = 12ηkRδT 4h 3 0 G(∞), whence the result,
which yields the vertical force generated by the evaporative flow, after integration over the surface of the sphere in the gap:
By writing that this force balances exactly the weight of the sphere,
one finds h 0 = 
and the condition for the balance of vertical forces reads in dimensionless form,
Notice that p 0 is now a pure number constrained by the condition that p(r) tends to zero as r tends to infinity, and that h 0 is also a pure number defined by the balance of vertical forces on the droplet, as expressed in equation (54).
The set of equations solve the quasi-spherical problem if the lubrication approximation applies, namely if the height h 0 is physically much less than R, which requires R R l . It also assumes that the pressure in the gap is negligible compared to σ/R, because we assumed the relation (37). This requires ξ 1, or R R i with
which is about 0.3mm for water over a plate heated at 400 0 C . If R i is not much bigger than R, one has to determine the shape of the droplet in the gap, namely the function h(r), as done next.
C. Solution in the case of a disturbed surface
In this case the surface of the droplet in the gap is not a piece of sphere because the pressure generated by fluid motion there is not negligible with respect to Laplace's pressure inside the droplet. Compared to the previous case, we have to solve the equation for p already written in (41), but the profile being unknown we need also to solve equation (38) with the convenient boundary conditions. This second equation is derived from the balance of normal forces. Assuming the equation (41) solved, the pressure p is known.
In the range ξ ∼ 1 the new equation to be considered is the equation for the curvature of the droplet in the gap, which should replace the simple relation (37) used in subsection V B for the range ξ 1 characterizing an undisturbed spherical droplet. Finally, if ξ is not small, equations (41) and (48), or their scaled form (45) and (50), make together a pair of equations allowing to obtain the droplet profile h(r) and the pressure p(r) in the gap.
Some properties can be derived without explicitly solving the equation. From the integral solution for the pressure given in (46), the pressure is a decreasing function of r because h(r) is positive. Because it has to tend to zero at r infinite, the pressure is positive and decreasing. From equation (50) the mean curvature 1 r (rh ,r ) ,r is an increasing function of r, tending to 2 (in dimensionless units) as r tends to infinity. This excludes in particular very large values of this curvature at finite values of r in the limit ξ large.
One can reduce the equations to a single one for h(r) with a closed set of b.c. By simple algebra, one derives:
,r ,r
The Laurent expansion of h(r) near r = 0 reads h(r) = h 0 + a 1 r 2 + a 2 ln(r) + a 3 r 3 + ... where h 0 and a 1−3 are free coefficients, although the coefficients of the next order terms in the expansion, like a 4 r 4 , etc. can be derived order by order from equation (57). The coefficients a 2 and a 3 must vanish to make the solution smooth. The two remaining free parameters h 0 and a 1 are fixed by the asymptotic behavior of the solution. It reads
where c, d, and f are free parameters. Two parameters are constrained by the condition that a 2 and a 3 vanish, but the solution that we shall display has a 2 = a 3 = 0 and so we shall not consider them anymore, and call a 1 simply a. . This yields two conditions for two free parameters, h 0 and a.
D. Limit ξ large
An obviously interesting limit is the limit of a large ξ. It is given below for the sake of completeness of the present Notes, but will not be covered in the oral lectures. In this limit, the solution splits into two different domains. Those domains are derived from an analysis of the solution of the equations in this limit of a large ξ. The results presented are consistent with the equations, although they cannot be considered as obvious consequences of them. Between r = 0 and r = r c (to be found) the surface of the sphere is like a trapped bubble with a negative curvature and the pressure p is almost constant. The radius r c is such that the trapped bubble solution crosses the hot surface, which is obviously impossible. To get rid of this crossing, other scalings must be used locally and a neck replaces this crossing, as shown below. From equation (50) the mean curvature of the surface is also constant, and negative (which is the only possible choice as one can check).
Assuming for the moment (something that will be shown not to be correct) that this constant value is not 2/ξ, the curvature of the surface of the trapped bubble should of order 1, one finds that h b (r), namely the value of h(r) in the trapped bubble is equal to:
We assume now that the main contribution to the upward force is from the bubble, something to be checked at the end. This yields from equation (54) that
The bubble is an almost perfect spherical cap with constant pressure inside. It is connected to the outside by a neck smoothing the solution near r = r c , as necessary because the integral contribution to the right-hand side of equation (46) scales formally like r 2 /h 4 , of order ξ −3 in the bubble although p 0 scales like ξ −1 , which makes it dominant. Therefore inside the trapped bubble the pressure is constant and equal to p 0 . The balance of vertical forces yields:
This solution does not work however because it cannot be matched with the solution in the neck: the continuity of slope of the surface at the transition between the neck and the trapped bubble cannot be insured if the surface of the trapped bubble is a spherical cap. The only possibility remaining is that the pressure inside the trapped bubble is at leading order (with respect to ξ) equal to 2/ξ to balance Laplace's pressure inside the droplet, plus a small contribution depending on r and balancing the curvature of the droplet there. Therefore we assume that, inside the trapped bubble,
where p b (r) is much smaller than ξ −1 . At leading order in the trapped bubble p = 2 ξ . This makes it straightforward to derive the radius of the trapped bubble from the balance of vertical forces (equation (54)). One finds: This radius is actually the radial distance between the axis at r = 0 and the neck where the pressure makes a transition from its value 2/ξ inside the bubble to zero outside of it. Therefore the radius inside the trapped bubble is of order ξ 1/2 , the order of magnitude of r c . The equation relating p b to the curvature of the surface reads:
The other equation relating h b and p b is derived from (45) and reads:
Define scaled quantities ξ −1/2 r, ξ −3/5 h b and ξ +7/5 p b . This makes disappear any small or large parameter in the differential equations to be satisfied by those quantities. It means also that, inside the trapped bubble, the height is of order ξ 3/5 and that the correction to the leading order constant pressure (2/ξ in the original variables) is of order ξ −7/5 , negligible in the large ξ limit, as expected, with respect to the leading order contribution 2/ξ. Note also that even though the scaling law h b ∼ ξ 3/5 seems to imply that the lubrication approximation does not hold because h seems to be much bigger than r c ∼ ξ 1/2 , this is not so because physically h and r are originally measured with different unit lengthes. We shall come back to this at the end.
With the scaled quantities (written the same as the original quantities) the equations to be satisfied are equation (60) with p b instead of p and
The condition to be satisfied by this set of equations is h b (r c ) = 0 with r c = 2 3π 1/2 . Actually this crossing is unphysical. It defines the large distance behavior (in inner variables) of a neck solution connecting the trapped bubble with the outside.
In the neck h is much smaller than h inside the bubble, namely much smaller than ξ 3/5 . Let δ = r − r c be the local radial coordinate in the neck and h n (δ) be the local height. In the neck the pressure is of order 1/ξ because it has to tend to p 0 = 2/ξ on one side (in the trapped bubble) and to zero outside. From equation (54) because p is of order ξ −1 , h n (r) should scale like δ 2 . Assuming the neck to be much less extended than the trapped bubble, namely that δ r c , one finds that, inside the neck
This is to be completed by equation (45) relating the pressure and the height inside the neck. As far as the order of magnitude with respect to ξ is concerned this last equation is consistent if p scales like 1/ξ, δ scales like ξ 1/6 and h n (δ) scales like ξ 1/3 (This power law ξ 1/3 = ξ 5/15 makes, as expected, the height in the neck much smaller than the height of the trapped bubble the latter being of order ξ 3/5 = ξ 9/15 ). To summarize, in the neck, h is of order ξ 1/3 , the width of the neck is ξ 1/6 and the pressure there is of order ξ −1 . Let us introduce local (overlined) quantities by absorbing the scaling laws in multiplicative factors: p = ξp, δ = ξ −1/6 δ and h n = ξ −1/3 h n . The equations to be satisfied by the overlined quantities are purely numerical (namely without large or small parameter) and read:
The boundary condition for the pressure are simple to write. For δ very large negative (that is inside the bubble), the scaled pressure should tend to p 0 = 2, and as δ tends to plus infinity (namely outside the bubble) the pressure should tend to zero. The asymptotic conditions for h(δ) are dealt with later.
Supposing h n known, one can integrate equation (62) to obtain:
The integration limit r = 0 of the original problem is pulled to δ = −∞ for the overlined variable. The jump of pressure from p = p 0 = 2/ξ to zero takes place almost exclusively across the neck. This yields p 0 = 2 as a constant of integration. The other b.c. for the pressure is p → 0 as δ tends to plus infinity. It becomes the following condition for h n :
The solution in the trapped bubble and in the neck should merge somewhere. This merging occurs in a region where the solution of the equations on either side have a common power law behavior with respect to the distance to r c . This power law behavior is easier to see on the neck side. It has to do with the way the solution behaves for δ large negative. The equations to be solved are (62) and (63). Let us introduce p 1 = 2 − p. The equations to be solved become:
They have as an exact solution the power law:
This makes an acceptable solution because, at large negative δ, p 1 decays to zero. Therefore the pressure tends to 2, as it should. Outside the neck, the solution should merge with the asymptotic spherical droplet in a region where the pressure tends to zero. For the neck solution this writesh =δ 2 + αδ k . Introducing this expression in equations (62)- (63), we obtain the asymptotic expansion valid for large positiveδ
andp
These asymptotic expansion displays a surface evolving towards a sphere, and a pressure decaying to zero at large positiveδ as expected.
The above description of a vapor bubble encapsulated below the the concave part of the droplet in the large ξ regime was performed under the hypothesis of axis-symmetric profile, although experiments report mostly not axissymmetric ones [23] . Therefore a quantitative comparison between numerical data and experiments is out of our scope. Nevertheless we have found good qualitative agreement between numerical solutions of equations (45) From a detailed discussion of the various regimes, one concludes that, even though the low heat conductivity of the vapor lowers the rate of mass loss of the droplet, it does it in different ways depending of the range of droplet radius one considers [22] . In most cases however the rate of evaporation is larger than for an isolated droplet. The theoretical curves are drawn with the physical variables by scaling back the variables h, p help to the expressions written in the next subsection.
E. Large ξ domain in physical variables
The case ξ large considered here is such that the droplet radius fulfills the condition R i R R c . The length scale h s for the height of the droplet above the heated plate, and the length scale for the horizontal distances r s are given by the relations 44. Therefore the radial extent of the trapped bubble is
which is also the radius of the disc of contact at equilibrium of small nonwetting droplets. The vertical thickness of the trapped bubble is
The gap elongates in the horizontal direction as R increases, with an aspect ratio
becoming smaller and smaller as R increases. Therefore the lubrication approximation remains correct as ξ gets bigger and bigger, which is equivalent to increase R at constant R c and R l . Therefore the range of applicability of the theory at large ξ relying on the lubrication approximation extends all over the range [R i , R c ] and stops to be valid when R becomes of the same order of magnitude as the capillary radius.
F. Leidenfrost puddles
This is presented for the sake of completeness following the previous developments, but will not be covered in the oral lectures. It concerns the case where the size of the drop becomes larger than the capillary length, so that it becomes a flat puddle of thickness approximately this capillary length.
At equilibrium, drops of radius much larger than R c become flat puddles. Of course they cannot be characterized anymore by their radius only, because their shape is not spherical. The relevant quantity to characterize them is their volume. If this volume V were spherical, it would define a radius R = 3V 4π 1/3 . We consider here the limit R R c , with R so defined. In this limit, the equilibrium puddle of liquid has a circular shape of radius of order r c and thickness R c . From the estimate of the volume of the puddle, the radius r c =
can be considered as given and much bigger than R c .
We consider now the situation of a flat puddle hovering on a hot plate by the Leidenfrost effect, and derive the structure and thickness of the vapor layer between the plate and the puddle. Like in the case of droplets of radius in the range [R c , R i ] we assume the puddle to be very close to its equilibrium shape at the given volume. This has to be checked at the end to yield a solution consistent with the assumptions and the underlying physics. A direct consequence of the assumption of closeness to the equilibrium shape is that the pressure in the puddle near the bottom is almost constant and just equal to Archimedes hydrostatic value ρ l gH, H being the height of the puddle, of order R c , so that we shall simply replace H by R c in the coming order of magnitude estimates. Therefore the situation looks a bit like the one studied before: a constant pressure in the liquid above the vapor film. Let p 0 ∼ ρ l gR c be this pressure.
The equation (49) for the pressure reads now:
As we did before we assume that p is the constant p 0 plus a small (with respect to a parameter to be found) part p 1 which balances the curvature term in equation (70). Therefore
This is to be completed by the equation (42) for the inhomogeneous part p 1 (r) of the pressure 
as unit for r, h and for p 1 /σ. The two resulting equations read 
This yields also the scaling law for the thickness of the layer of vapor h ∼ h c = R . The condition p 1 p 0 is satisfied if r c (R c R l ) 1/2 , this is satisfied because we assumed r c R c R l . There is another constraint on this solution: the film of vapor must be a thin layer underneath the puddle. Therefore its height must be much smaller than the height of the puddle. This implies R c h, equivalent to , which is compatible with the conditions R c r c and R l R c . Lastly a neck makes the transition between the trapped bubble and the outside.
In the neck the equations to be satisfied are formally the same as equations (62) and (63), except that the scaling are derived differently. The constant pressure in the trapped bubble is now p o = ρ l gR c . One obtains the same equations as (62) and (63) by taking as unit pressure p 0 /2, R 3/2 c R 3/2 l as unit for δ and R l as unit for h. The b.c. are the same as before, namely p tends to 2 as δ tends to minus infinity and p tends to 0 as δ tends to plus infinity. It is remarkable that this puddle solution is given by the solution of the same set of equations, but with different scaling parameters at the beginning. Remember that it has a limited range of existence because, physically, the wider is the puddle, the larger is the pressure in the trapped bubble, so that it reaches the top of the puddle at the limit of its domain of existence. It could be that at still larger masses of fluid, steady solutions have chimneys of vapor crossing the puddle from bottom to top. In reality it is likely that this corresponds to the onset of boiling, an unsteady phenomenon in general. Moreover it is likely that the trapped bubble is Rayleigh-Taylor unstable as soon as r c gets bigger than R c , an instability that could be counteracted by viscosity of the vapor in the gap. Therefore steady solutions in this range of values of r c are at best only indirectly connected to real life phenomena.
G. Summary and conclusion of the analysis of the Leidenfrost phenomenon for droplets
This explained the scaling laws for the Leidenfrost phenomenon, sweeping the domain of small droplets to large puddles. This approach relies on a scaling analysis of the fundamental equations in the lubrication approximation, which has a large domain of applicability for explaining the Leidenfrost phenomenon. All this analysis relied on Laplace's expression of the pressure drop across the l/v interface. In real experiments however there is an added physical effect, the Marangoni stress due to the non uniform temperature of this interface. This stress generates fluid motion inside the droplet and so changes the condition of the evaporation of the droplet. This introduces further complications in an already complex problem which have not been taken into account in our approach.
VI. SURFACE TENSION IN SOFT SOLIDS: THE RAYLEIGH-PLATEAU INSTABILITY
The Rayleigh-Plateau instability (RPI) is a way for a fluid to minimize its capillary energy. It is fundamental to droplet formation in non-equilibrium fluid process, like wave breaking or pulverization of fuels in engines. In principle, the same physical mechanism of instability should be present in solids: having also a surface tension, they should tend to minimize their area. This minimization is responsible, at least partly, for the occurrence of facets on crystals [24] . Nevertheless, as a source of forces, capillarity is irrelevant in most elastic materials because it should manifest itself at tiny atomic scales only. This is not true for very soft materials like gels of very small shear modulus which can be practically sensitive to (small) capillary forces. This is not only of interest for the physics of elastic materials. Soft solids are found very often in biology and play part in some of the biological process of generation of filaments, strings, etc. where RPI is likely to set a lower bound for the size of soft structures.
RPI [25] results from the tendency of a given volume of liquid to lessen its area at constant volume. The area of a cylinder is not at a minimum, this one being reached for a sphere. A long wave modulation of the surface of a fluid cylinder is surely unstable: near the maxima of the radius, Laplace's pressure, which is dominated by the azimuthal curvature, decreases and pushes the fluid outward, the converse being true for the minima of the radius where the increase of Laplace's pressure pushes the fluid inward. This instability can be explained purely geometrically by the tendency of the fluid to lessen its area and so its capillary energy. Therefore it is present for any radius of the cylinder, except perhaps for molecular sizes.
A priori the physics is not so different for solids: surface energy also exists there and its minimization should make solids prone to RPI as are liquids. However, the energy of an elastic solid has also a volume part that changes a priori if the outer surface changes. As has been often noticed, the balance between the two kinds of energies, capillary and elastic, depends on a quantity with the dimension of a length, l = σ/µ, where σ is surface tension, and µ is shear modulus (for a reason explained below we consider shear modulus and not Young's modulus). In usual solids, this is a very small length scale: because of its origin in atomic interactions, one expects l to be of the order of the range of atomic interaction, like a fraction of a nanometer. Therefore the capillary effect, in the numerator of the small length scale, should be typically negligible. Nevertheless, in a very soft solid like gels of giant micelles, this length scale can be macroscopic. This is because the complex molecular structure of those materials reduces by many order of magnitude the "typical" value of the shear modulus computed from the standard molecular parameters, like the size of an atom and the energy of a covalent bond (it is more accurate to say that actually, this kind of materials are more like liquids with a percolating bond structure giving them a small shear modulus). In solution of giant micelles as used in the experiments reported in [25] , typical values are σ ≈ 4.10 −2 N/m and µ = 10 2 Pa (a very small value by comparison with ordinary solids), therefore l ≈ 0.4 mm. As will be shown below, and as one can expect, RPI in this kind of soft elastic material may appear at length scales of the order or less than l, i.e. within the range of "macroscopic" physics.
The materials we have in mind can be considered as incompressible because of a very large Young's modulus, basically the compressibility of the liquid they are mostly made of, when compared with their shear modulus, depending on the loose lattice of bonds in the gel network. Therefore the only relevant Lamé coefficient is the shear modulus. We assume that the surface of the cylinder is perturbed axisymetrically (in cylindrical coordinates) from r = ρ to r = ρ + λ(z), where λ(z) ρ, with z being the coordinate along the axis, and r the distance to the axis, and ρ its value in the unperturbed state, not to be confused with mass densities occuring in some other places in the present Notes. The average curvature of the surface changes from 1/ρ to 1/ρ − ρ −2 λ(z) − λ ,zz (z), where λ ,zz (z) = d 2 λ(z)/dz 2 . This yields a Laplace contribution to be added to the boundary condition for the normal stress on the surface of the cylinder. RPI is found when the mean curvature is lowered in the through of the undulations, because ρ −2 λ(z)+λ ,zz (z) is negative for negative λ(z), since the (stabilizing) second derivative λ ,zz (z) can always be made small for a long wave perturbation along the axis of cylinder, so that Laplace's pressure increases there.
Because of the relative complexity brought by the cylindrical coordinates, I shall use the variational formulation of elasticity theory. For small deformations the elastic energy reads E = 2π dz 
where µ is the shear modulus, where u r , u z are the radial and axial displacements, u r,z = ∂ur ∂z , and p is the Lagrange multiplier imposing the incompressibility condition u r,r + u r r + u z,z = 0.
By variation with respect to the displacements u r and u z one gets the Cauchy-Poisson equations in cylindrical coordinates:
µ 2u z,zz + (u r,z + u z,r ) ,r + (u r,z + u z,r ) r − p ,z = 0,
and µ (u r,zz − u z,zr ) − p ,r = 0,
which has been rearranged by using the incompressibility condition (78) and the identity (u r,rr + u r,r r − u r r 2 ) = (u r,r + u r r ) ,r .
The two boundary conditions (b.c.) on the free surface r = ρ express the continuity of stress, including Laplace's capillary pressure. Moreover they should be supplemented by two conditions of smoothness at r = 0. Laplace's pressure condition comes from the variation of the capillary energy equal to the area of the perturbed cylinder times the surface tension σ. Assuming cylindrical symmetry, this energy reads A = 2πσ dzr(z) 1 + r 2 ,z ,
Its variation due to a change of shape of the surface of the cylinder is to be added to the contribution to the variation δE b coming from the boundary term when E is integrated by part:
δE b = 2π dz [rδu r (2µu r,r − p) + µrδu z (u r,z + u z,r )] ,
